Rules for integrands of the form (d + e x)"Sinh[a + bx + ¢ x*]"
1. Jsinh[a+bx+cx2]"dx

1: Sinh[a+bx+cx2] dx

Derivation: Algebraic expansion
Basis: Sinh[z] = & - &~
Rule:

1 1
jsinh [a +bx+c xz] dx — — je“b xeex? gy 2 Je‘a‘bx‘cxz dx
2 2

Program code:

Int[Sinh[a_.+b_.*x_+C_.#X_"2],x_Symbol] :=
1/2%Int[E~ (a+bxx+c*x”2) ,x] - 1/2%Int[E” (-a-bxx-c*x"2),x] /;
FreeQ[{a,b,c},x]

Int[Cosh[a_.+b_.#*x_+c_.*x_"2],x_Symbol] :=
1/2%Int[E~ (a+bxx+c*x”2) ,x] + 1/2%Int[E” (-a-bxx-c*x"2),x] /;
FreeQ[{a,b,c},x]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

2: Jsinh[a+bx+cx2]"dlx whennez A n>1

Derivation: Algebraic expansion

Rule:lf neZ A n > 1,then

Jsinh[a +bx+ cxz]"dlx — JTr‘igReduce[Sinh[a +bx+ cxz]"] dx

Program code:

Int[Sinh[a_.+b_.*Xx_+C_.#x_"2]"n_,x_Symbol] :=
Int[ExpandTrigReduce[Sinh[a+bxx+cxx*2]7n,x],x] /;
FreeQ[{a,b,c},x] && IGtQ[n,1]

Int[Cosh[a_.+b_.*x_+c_.*x_"2]”n_,x_Symbol] :=

Int [ExpandTrigReduce [Cosh[a+bxx+C*Xx”"2]"n,X] ,x] /5
FreeQ[{a,b,c},x] && IGtQ[n,1]

3: |Sinh[v]"dx whennez*A v=a+bx+cx?

Derivation: Algebraic normalization

Rule:If ne€Z* A v ==a+bx+cx?then

Jhsinh[v]n dx — Jsinh[a +bx+cx?]"dx

Program code:

Int[Sinh[v_]~n_.,x_Symbol] :=
Int[Sinh[ExpandToSum[v,x]]"n,x]| /;
IGtQ[n,@] && QuadraticQ[v,x] & Not[QuadraticMatchQ[v,x] ]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n
Int[Cosh[v_]”n_.,x_Symbol] :=

Int [Cosh[ExpandToSum[v,Xx]]"n,x] /;
IGtQ[n,@] && QuadraticQ[v,x] & Not[QuadraticMatchQ[v,x] ]

2. -J-(d+ex)'“sinh[a+bx+cx2]"dlx
1. J(d+ex)’"sinh[a+bx+cx2]dlx
1. J(d+ex)msinh[a+bx+cx2]d1x whenm > @
1. J(d+ex) Sinh[a+bx+cx’] dx

1: J(d+ex) Sinh[a+bx+cx?] dx whenbe-2cd=0

Rule:If be -2 cd == 0, then

eCosh[a+bx+cx2]

J(d+EX) Sinh[a+bx+cx2] dx —
2c

Program code:

Int[(d_.+e_.#x_)*Sinh[a_.+b_.xx_+c_.*x_"2],x_Symbol] :

exCosh[a+b*xx+c*x"2]/ (2xc) /;
FreeQ[{a,b,c,d,e},x] && EqQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)*Cosh[a_.+b_.*x_+c_.*x_"2],x_Symbol]
exSinh [a+b*x+c*x"2]/(2*c) Ve
FreeQ[{a,b,c,d,e},x] & & EqQ[bxe-2xcxd,0]

2: J(d+ex) Sinh[a+bx+cx?] dx whenbe-2cd#0

Rule:lIf be -2 cd # 0, then



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

eCoﬂﬂa+bx+cxﬂ be-2cd

J-(d+ex)Sinh[a+bx+cx2]dlx—> J.Sinh[a+bx+cx2]dx

2c 2c

Program code:

Int[(d_.+e_.#x_)*Sinh[a_.+b_.#x_+C_.*x_"2],x_Symbol]| :=
exCosh[a+bxXx+cxXx*2]/ (2xc) -
(bxe-2xcxd) / (2xc) »Int[Sinh[a+bx+c*x*2],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)*Cosh[a_.+b_.*x_+cC_.*x_"2],x_Symbol]
exSinh[a+bxx+cxx"2] /(2xc) -
(bxe-2xcxd) / (2xc) *Int [Cosh[a+bxx+Cc*Xx"2],X] /;
FreeQ[{a,b,c,d,e},x] && NeQ[bxe-2xcxd,0]

2. j(d+ex)’"sinh[a+bx+cx2] dx whenm>1

1: j(d+ex)msinh[a+bx+cx2] dx whenm>1 A be-2cd=0

Rule:lf m>1 A be-2cd == 90,then

] , e(d+ex)’"‘1Cosh[a+bx+cx2] e? (m-1) ) )
J‘(d+ex)'“51nh[a+bx+cx]dlx—> + J(d+ex)’"‘ Cosh[a+bx+cx?] dx

2c¢c 2c

Program code:

Int[(d_.+e_.#x_)"m_xSinh[a_.+b_.*Xx_+c_.#x_"2],x_Symbol] :
ex (d+exx)~ (m-1) xCosh[a+bxx+c*x"2] / (2xc) -
e”2x (m-1) / (2xc) *»Int [ (d+exx)” (m-2) xCosh[a+bxx+cxx*2],x] /;
FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && EqQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)”~m_xCosh[a_.+b_.*x_+C_.*x_"2],x_Symbol]
ex (d+exx)~ (m-1) *Sinh [a+b*x+c*x"2]/(2*c) -
e"2x (m-1) / (2xc) »Int[ (d+exx) ~ (m-2) xSinh[a+bsx+c*x*2],x]| /;
FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && EqQ[bxe-2xcxd,0]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

2: J(d+ex)msinh[a+bx+cx2] dx whenm>1 A be-2cd#0

Rule:lf m>1 A be-2cd # 0,then

j(d+ex)msinh[a+bx+cx2] dx —

e(d+ex)™Cosh[a+bx+cx? be-2cd e2 (m-1
[ ] - ~J.(d+ex)'“‘lsinh[a+bx+cxz]dlx—#J‘(d+ex)’"‘2Cosh|:a+bx+cx2]dlx
2c 2c 2c

Program code:

Int[(d_.+e_.#x_) m_xSinh[a_.+b_.*X_+C_.*X_"2],x_Symbol] :=
ex (d+exx)~ (m-1) xCosh[a+bxx+Ccxx"2] / (2%C) -
(bxe-2xcxd) / (2xc) »Int[ (d+exx) ~ (m-1) #Sinh[a+bxx+cxx2],x]| -
e”r2x (m-1) / (2xc) *Int[ (d+exx)~ (m-2) xCosh[a+bxx+c*x*2],x] /;
FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && NeQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)"m_=xCosh[a_.+b_.*X_+C_.*x_"2],x_Symbol] :=
ex (d+exx)~ (m-1) *Sinh [a+bxx+cxx"2] /(2xc) -
(bxe-2xcxd) / (2xc) *Int[ (d+exx)~ (m-1) xCosh[a+bxXx+c*x"*2],x] -
e"2x (m-1) / (2xc) »Int[ (d+exx) ~ (m-2) xSinh[a+bxx+c*x2],x]| /;
FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && NeQ[bxe-2xcxd,0]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

2. J(d+ex)msinh[a+bx+cx2] dx whenm< -1

1: J(d+ex)"‘sinh[a+bx+cx2] dx whenm< -1 A be-2cd==0

Rule:lf m< -1 A be-2cd = 90,then

(d+ex)™*sinh[a+bx+cx?] 2¢

f(d+ex)msinh[a+bx+cx2]dx—> - J(d+ex)m+2Cosh[a+bx+cx2] dx
e (m+1) e? (m+1)

Program code:

Int[(d_.+e_.#x_) m_xSinh[a_.+b_.*Xx_+C_.#x_"2],x_Symbol] :
(d+exx)~ (m+1) *Sinh [a+b*x+c*x"2]/(e* (m+1)) -
2xc/ (e”2% (m+1) ) *Int[ (d+exx)~ (m+2) xCosh[a+bxx+Cc*x"2],Xx] /;
FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && EqQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)”m_xCosh[a_.+b_.*x_+c_.*x_"2],x_Symbol]
(d+exx)~ (m+1) xCosh[a+bxx+c*x"2]/ (ex (m+1)) -
2xC/ (e”2x (m+1) ) »Int[ (d+exx) ~ (m+2) #Sinh[a+bxx+c*x2],x]| /;
FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] & EqQ[bxe-2xcxd,0]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

2: J(d+ex)msinh[a+bx+cx2] dx whenm<-1 Abe-2cd#0

Rule:lf m< -1 A be-2cd # 9,then

j(d+ex)msinh[a+bx+cx2] dx —

(d+ex)™!sinh[a+bx+cx’] be-2cd 2c

J(d+ex)’"*1Cosh[a+bx+cx2] dx - —J(d+ex)m+zCosh[a+bx+cx2] dx
e (m+1) e2 (m+1) ez (m+1)

Program code:

Int[(d_.+e_.#x_) m_xSinh[a_.+b_.*Xx_+C_.*Xx_"2],x_Symbol] :=
(d+exx)”~ (m+1) *Sinh [a+b*x+c*x"2]/(e* (m+1)) -
(bxe-2xcxd) / (e”2% (m+1) ) *Int[ (d+exx) ~ (m+1) xCosh[a+bxx+c*x"*2],x] -
2xc/ (e”2% (m+1) ) *Int[ (d+exx) ~ (m+2) xCosh[a+bxx+cxx*2],x] /;
FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && NeQ[bxe-2xcxd,0]

Int[(d_.+e_.*x_)"m_xCosh[a_.+b_.*Xx_+C_.*x_"2],x_Symbol] :=
(d+exx)~ (m+1) xCosh[a+bxx+c*x"2]/ (ex (m+1)) -
(bxe-2xcxd) / (e”2%x (m+1) ) »Int [ (d+exx)~ (m+1) *Sinh[a+b*x+Cc*xx"2] ,X] -
2xc/ (e”2x (m+1) ) »Int[ (d+exx) ~ (m+2) #Sinh[a+bxx+c*x2],x]| /;
FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && NeQ[bxe-2xcxd,0]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

3: J(d+ex)msinh[a+bx+cx2] dx

Rule:

~J.(d+ex)'“Sinh[a+bx+cx2] dx — j(d+ex)msinh[a+bx+cx2] dx

Program code:
Int[(d_.+e_.#x_)"m_.*Sinh[a_.+b_.#X_+C_.*x_"2],x_Symbol] :=
Unintegrable[ (d+exx)“m«Sinh[a+bxx+cxx"2],x] /;
FreeQ[{a,b,c,d,e,m},x]
Int[(d_.+e_.*x_)”"m_.xCosh[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=

Unintegrable[ (d+exXx) “mxCosh[a+bxXx+c*x"2],x] /;
FreeQ[{a,b,c,d,e,m},x]

2: J(d+ex)’“Sinh[a+bx+cx2]"d1x whennez A n>1

Derivation: Algebraic expansion

Rule:lf nez A n > 1,then

J-(d+ex)'"sinh[a + bx+cx2]"dlx — J(d+ex)’"TrigReduce[Sinh[a+ bx+cx2]"] dx

Program code:

Int[(d_.+e_.#x_)"m_.*Sinh[a_.+b_.#x_+c_.*x_"2]~n_,x_Symbol] :=
Int[ExpandTrigReduce[ (d+exx)~m,Sinh[a+bxx+cxx"2]*n,x],x]| /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]



Rules for integrands of the form (d+e x)"m sinh(a+b x+c x"2)"n

Int[(d_.+e_.*x_)"m_.xCosh[a_.+b_.*x_+c_.*x_"2]"n_,x_Symbol] :=
Int[ExpandTrigReduce[ (d+exx)~m,Cosh[a+bxx+c#x"2]~n,x],x]| /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]

3: Ju’"sinh[v]"dlx whennezZ*Au=d+ex A v=a+bx+cx?

Derivation: Algebraic normalization

Rule:lf nezZz*Au==d+ex A V=a+bx+cx?then

Ju’"Sinh[v]"dlx — j(d+ex)'“sinh[a+bx+cx2]"d1x

Program code:

Int[u_nm_.«Sinh[v_]"n_.,x_Symbol] :=
Int [ExpandToSum [u,x]“m%xSinh [ExpandToSum[v,Xx] ]"n,x] /3
FreeQ[m,x] & IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]

Int[u_”m_.xCosh[v_]”n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxCosh [ExpandToSum[v,x]]”n,x] /;
FreeQ[m,x] && IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]



