
Rules for integrands of the form (d + e x)m Sinha + b x + c x2
n

1.  Sinha + b x + c x2
n
ⅆx

1:  Sinha + b x + c x2 ⅆx

Derivation: Algebraic expansion

Basis: Sinh[z] ⩵ ⅇz

2
- ⅇ-z

2
◼

Rule:

 Sinha + b x + c x2 ⅆx ⟶
1

2
 ⅇ

a+b x+c x2
ⅆx -

1

2
 ⅇ

-a-b x-c x2
ⅆx

◼
Program code:

IntSinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

1/2*Int[E^(a+b*x+c*x^2),x] - 1/2*Int[E^(-a-b*x-c*x^2),x] /;

FreeQ[{a,b,c},x]

Int[Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

1/2*Int[E^(a+b*x+c*x^2),x] + 1/2*Int[E^(-a-b*x-c*x^2),x] /;

FreeQ[{a,b,c},x]



2:  Sinha + b x + c x2
n
ⅆx when n ∈ ℤ ∧ n > 1

Derivation: Algebraic expansion
◼

Rule: If  n ∈ ℤ ∧ n > 1, then

 Sinha + b x + c x2
n
ⅆx ⟶  TrigReduceSinha + b x + c x2

n
 ⅆx

◼
Program code:

IntSinh[a_.+b_.*x_+c_.*x_^2]^n_,x_Symbol :=

IntExpandTrigReduceSinh[a+b*x+c*x^2]^n,x,x /;

FreeQ[{a,b,c},x] && IGtQ[n,1]

Int[Cosh[a_.+b_.*x_+c_.*x_^2]^n_,x_Symbol] :=

IntExpandTrigReduce[Cosh[a+b*x+c*x^2]^n,x],x /;

FreeQ[{a,b,c},x] && IGtQ[n,1]

3:  Sinh[v]n ⅆx when n ∈ ℤ+ ∧ v⩵ a + b x + c x2

Derivation: Algebraic normalization

Rule: If  n ∈ ℤ+ ∧ v ⩵ a + b x + c x2, then

 Sinh[v]n ⅆx ⟶  Sinha + b x + c x2
n
ⅆx

◼
Program code:

IntSinh[v_]^n_.,x_Symbol :=

IntSinh[ExpandToSum[v,x]]^n,x /;

IGtQ[n,0] && QuadraticQ[v,x] && NotQuadraticMatchQ[v,x]
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Int[Cosh[v_]^n_.,x_Symbol] :=

Int[Cosh[ExpandToSum[v,x]]^n,x] /;

IGtQ[n,0] && QuadraticQ[v,x] && NotQuadraticMatchQ[v,x]

2.  (d + e x)m Sinha + b x + c x2
n
ⅆx

1.  (d + e x)m Sinha + b x + c x2 ⅆx

1.  (d + e x)m Sinha + b x + c x2 ⅆx when m > 0

1.  (d + e x) Sinha + b x + c x2 ⅆx

1:  (d + e x) Sinha + b x + c x2 ⅆx when b e - 2 c d⩵ 0

◼
Rule: If  b e - 2 c d ⩵ 0, then

 (d + e x) Sinha + b x + c x2 ⅆx ⟶
e Cosha + b x + c x2

2 c

◼
Program code:

Int(d_.+e_.*x_)*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

e*Cosh[a+b*x+c*x^2]/(2*c) /;

FreeQ[{a,b,c,d,e},x] && EqQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

e*Sinh[a+b*x+c*x^2](2*c) /;

FreeQ[{a,b,c,d,e},x] && EqQ[b*e-2*c*d,0]

2:  (d + e x) Sinha + b x + c x2 ⅆx when b e - 2 c d ≠ 0

◼
Rule: If  b e - 2 c d ≠ 0, then
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 (d + e x) Sinha + b x + c x2 ⅆx ⟶
e Cosha + b x + c x2

2 c
-
b e - 2 c d

2 c
 Sinha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

e*Cosh[a+b*x+c*x^2]/(2*c) -

(b*e-2*c*d)/(2*c)*IntSinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e},x] && NeQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

e*Sinh[a+b*x+c*x^2](2*c) -

(b*e-2*c*d)/(2*c)*Int[Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e},x] && NeQ[b*e-2*c*d,0]

2.  (d + e x)m Sinha + b x + c x2 ⅆx when m > 1

1:  (d + e x)m Sinha + b x + c x2 ⅆx when m > 1 ∧ b e - 2 c d⩵ 0

◼
Rule: If  m > 1 ∧ b e - 2 c d ⩵ 0, then

 (d + e x)m Sinha + b x + c x2 ⅆx ⟶
e (d + e x)m-1 Cosha + b x + c x2

2 c
+
e2 (m - 1)

2 c
 (d + e x)m-2 Cosha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

e*(d+e*x)^(m-1)*Cosh[a+b*x+c*x^2]/(2*c) -

e^2*(m-1)/(2*c)*Int[(d+e*x)^(m-2)*Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && EqQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)^m_*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

e*(d+e*x)^(m-1)*Sinh[a+b*x+c*x^2](2*c) -

e^2*(m-1)/(2*c)*Int(d+e*x)^(m-2)*Sinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && EqQ[b*e-2*c*d,0]
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2:  (d + e x)m Sinha + b x + c x2 ⅆx when m > 1 ∧ b e - 2 c d ≠ 0

◼
Rule: If  m > 1 ∧ b e - 2 c d ≠ 0, then

 (d + e x)m Sinha + b x + c x2 ⅆx ⟶

e (d + e x)m-1 Cosha + b x + c x2

2 c
-
b e - 2 c d

2 c
 (d + e x)m-1 Sinha + b x + c x2 ⅆx -

e2 (m - 1)

2 c
 (d + e x)m-2 Cosha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

e*(d+e*x)^(m-1)*Cosh[a+b*x+c*x^2]/(2*c) -

(b*e-2*c*d)/(2*c)*Int(d+e*x)^(m-1)*Sinh[a+b*x+c*x^2],x -

e^2*(m-1)/(2*c)*Int[(d+e*x)^(m-2)*Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && NeQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)^m_*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

e*(d+e*x)^(m-1)*Sinh[a+b*x+c*x^2](2*c) -

(b*e-2*c*d)/(2*c)*Int[(d+e*x)^(m-1)*Cosh[a+b*x+c*x^2],x] -

e^2*(m-1)/(2*c)*Int(d+e*x)^(m-2)*Sinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e},x] && GtQ[m,1] && NeQ[b*e-2*c*d,0]
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2.  (d + e x)m Sinha + b x + c x2 ⅆx when m < -1

1:  (d + e x)m Sinha + b x + c x2 ⅆx when m < -1 ∧ b e - 2 c d⩵ 0

◼
Rule: If  m < -1 ∧ b e - 2 c d ⩵ 0, then

 (d + e x)m Sinha + b x + c x2 ⅆx ⟶
(d + e x)m+1 Sinha + b x + c x2

e (m + 1)
-

2 c

e2 (m + 1)
 (d + e x)m+2 Cosha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

(d+e*x)^(m+1)*Sinh[a+b*x+c*x^2](e*(m+1)) -

2*c/(e^2*(m+1))*Int[(d+e*x)^(m+2)*Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && EqQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)^m_*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

(d+e*x)^(m+1)*Cosh[a+b*x+c*x^2]/(e*(m+1)) -

2*c/(e^2*(m+1))*Int(d+e*x)^(m+2)*Sinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && EqQ[b*e-2*c*d,0]
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2:  (d + e x)m Sinha + b x + c x2 ⅆx when m < -1 ∧ b e - 2 c d ≠ 0

◼
Rule: If  m < -1 ∧ b e - 2 c d ≠ 0, then

 (d + e x)m Sinha + b x + c x2 ⅆx ⟶

(d + e x)m+1 Sinha + b x + c x2

e (m + 1)
-
b e - 2 c d

e2 (m + 1)
 (d + e x)m+1 Cosha + b x + c x2 ⅆx -

2 c

e2 (m + 1)
 (d + e x)m+2 Cosha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

(d+e*x)^(m+1)*Sinh[a+b*x+c*x^2](e*(m+1)) -

(b*e-2*c*d)/(e^2*(m+1))*Int[(d+e*x)^(m+1)*Cosh[a+b*x+c*x^2],x] -

2*c/(e^2*(m+1))*Int[(d+e*x)^(m+2)*Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && NeQ[b*e-2*c*d,0]

Int[(d_.+e_.*x_)^m_*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

(d+e*x)^(m+1)*Cosh[a+b*x+c*x^2]/(e*(m+1)) -

(b*e-2*c*d)/(e^2*(m+1))*Int(d+e*x)^(m+1)*Sinh[a+b*x+c*x^2],x -

2*c/(e^2*(m+1))*Int(d+e*x)^(m+2)*Sinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e},x] && LtQ[m,-1] && NeQ[b*e-2*c*d,0]
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3:  (d + e x)m Sinha + b x + c x2 ⅆx

◼
Rule:

 (d + e x)m Sinha + b x + c x2 ⅆx ⟶  (d + e x)m Sinha + b x + c x2 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_.*Sinh[a_.+b_.*x_+c_.*x_^2],x_Symbol :=

Unintegrable(d+e*x)^m*Sinh[a+b*x+c*x^2],x /;

FreeQ[{a,b,c,d,e,m},x]

Int[(d_.+e_.*x_)^m_.*Cosh[a_.+b_.*x_+c_.*x_^2],x_Symbol] :=

Unintegrable[(d+e*x)^m*Cosh[a+b*x+c*x^2],x] /;

FreeQ[{a,b,c,d,e,m},x]

2:  (d + e x)m Sinha + b x + c x2
n
ⅆx when n ∈ ℤ ∧ n > 1

Derivation: Algebraic expansion
◼

Rule: If  n ∈ ℤ ∧ n > 1, then

 (d + e x)m Sinha + b x + c x2
n
ⅆx ⟶  (d + e x)m TrigReduceSinha + b x + c x2

n
 ⅆx

◼
Program code:

Int(d_.+e_.*x_)^m_.*Sinh[a_.+b_.*x_+c_.*x_^2]^n_,x_Symbol :=

IntExpandTrigReduce(d+e*x)^m,Sinh[a+b*x+c*x^2]^n,x,x /;

FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]
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Int[(d_.+e_.*x_)^m_.*Cosh[a_.+b_.*x_+c_.*x_^2]^n_,x_Symbol] :=

IntExpandTrigReduce[(d+e*x)^m,Cosh[a+b*x+c*x^2]^n,x],x /;

FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]

3:  um Sinh[v]n ⅆx when n ∈ ℤ+ ∧ u⩵ d + e x ∧ v⩵ a + b x + c x2

Derivation: Algebraic normalization
◼

Rule: If  n ∈ ℤ+ ∧ u ⩵ d + e x ∧ v ⩵ a + b x + c x2, then

 um Sinh[v]n ⅆx ⟶  (d + e x)m Sinha + b x + c x2
n
ⅆx

◼
Program code:

Intu_^m_.*Sinh[v_]^n_.,x_Symbol :=

IntExpandToSum[u,x]^m*Sinh[ExpandToSum[v,x]]^n,x /;

FreeQ[m,x] && IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && NotLinearMatchQ[u,x] && QuadraticMatchQ[v,x]

Int[u_^m_.*Cosh[v_]^n_.,x_Symbol] :=

Int[ExpandToSum[u,x]^m*Cosh[ExpandToSum[v,x]]^n,x] /;

FreeQ[m,x] && IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && NotLinearMatchQ[u,x] && QuadraticMatchQ[v,x]

Rules for integrands of the form (d+e x)^m sinh(a+b x+c x^2)^n 9


